The paper presents a non-element method of solving boundary problems defined on polygonal domains modeled by corner points. To solve these problems a parametric integral equation system (PIES) is used. The system is characterized by a separation of the approximation of boundary geometry from the approximation of boundary functions. This feature makes it possible to effectively investigate the convergence of the obtained solutions with no need of performing the approximation of boundary geometry. The testing examples included confirm high accuracy of the solutions.
Introduction
Solutions of linear problems of mechanics are often reduced to resolving Navier equation with posed boundary conditions. A variety of numerical methods have been used to solve these problems. Analytical methods, however, can be used only for some specific cases of boundary problems in mechanics (Lebedev et al., 1979; Timoshenko and Goodier, 1970) . Currently they are mainly applied to test and verify dynamically developing numerical methods. Among the most commonly used numerical methods, at present, are the boundary element method (BEM) and finite element method (FEM). The methods, which make use of the so-called finite elements (Zienkiewicz, 1977) or boundary elements (Brebbia et al., 1984; Banerjee and Butterfield, 1981) , allow us to create models of domains (boundaries) to solve practical problems dealing with various boundary conditions. The practicality and universality of these methods, should not, however, stop us from looking for new, even more effective methods, particularly useful for new types of boundary problems that are difficult to solve by means of currently available numerical methods.
Traditional BEM and FEM enable us to produce effective models of a great variety of domains using the so-called finite or boundary elements, which is their main advantage. However, their drawback lies in the 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2006.04.008 necessity of replacing the continuous domains (or boundaries) with discrete ones, which in practice requires, particularly in complex boundary problems, an introduction of a large number of input data (nodes) and also resolving a considerable number of algebraic equation systems. Each day brings some original research work presenting new developments in the field and it would be impossible to mention all of them here (Camp and Gipson, 1991; Jonston, 1996 Jonston, , 1997 Sen, 1995; Liggett and Salmon, 1981; Durodola and Fenner, 1990; Gray and Soucie, 1993; Singh and Kalra, 1995) . It should be noted, however, that the main idea behind all these papers is an attempt to improve existing BEM and FEM based on the traditional discretization of the domain or its boundary.
In the research (Zieniuk, 2001 (Zieniuk, , 2002 carried out by the author, a new approach to boundary problems has been proposed: an approach that would no longer require traditional boundary discretization or at least, eliminate its use to minimum. To make it possible, it is necessary to analytically modify the traditional boundary integral equation (BIE), which, in general, consists in getting rid of the necessity of defining the shape of the boundary by means of boundary integral. The expression resulting from the modification of the traditional BIE for the Laplace's and Helmholtz equations is called the parametric integral equation system (PIES) as the boundary geometry in the PIES kernels has been analytically defined in a parametric way (Zieniuk, 2003) .
The solution of the PIES in a direct way is independent of the shape of the boundary geometry as the boundary is defined analytically in the PIES mathematical formalism (Zieniuk, 2003) . In other words, in PIES the approximation of boundary geometry is independent of the approximation of boundary functions. Potentially, it creates greater possibilities of choosing more effective ways of both geometry modeling and choosing more effective methods of the approximation of the boundary functions. Thus, to practically define, for example, a polygonal domain, only corner points are posed (Zieniuk, 2002) . The number of these points is considerably smaller than the number of nodes in the case of the traditional FEM. For curvilinear boundary shapes we use Bézier curves (Zieniuk, 2003) to obtain their continuous definition.
The effectiveness of PIES in solving both Laplace's (Zieniuk, 2002) and Helmholtz equations with various boundary conditions will naturally encourage us to generalize PIES for Navier equations. The advantage of the numerical solution of PIES compared to traditional BIE is the fact that (1) we need smaller number of data to define the boundary in a continuous and unequivocal way; (2) the solutions on the boundary are obtained in a continuous way with high exactness; (3) we have to solve a much smaller system of algebraic equations even in comparison with the traditional BEM; (4) the mathematical formalism of PIES makes it possible to carry out an easy modification of the boundary geometry in a continuous way (Zieniuk and Bołtuć, 2005) .
The purpose of this paper is to obtain a PIES and propose a testing method of its numerical solution for 2D boundary problems on polygon domains modeled by Navier equations. Another interesting aspect of the problem is to investigate the effectiveness of PIES with respect to the modeling of boundary geometry and exactness of the solutions obtained. The numerical examples included in the paper confirm that in the case of Navier equations the proposed method shows both high accuracy and effectiveness compared with exact solutions and other numerical methods.
Modification of Somigliana's identity
Classical boundary integral equations (BIE) for elasticity theory are obtained form Somigliana's identity (Brebbia et al., 1984) for displacements. The identity both in its general form and the form suitable for further analytical modification, can be presented as follows: The classical BIE is a specific form of this identity and is obtained when x 2 C. In BIE boundary C is generally defined by the boundary integral, hence the numerical solution of BIE requires the modeling of real boundary for each specific boundary problem. When applying the boundary element method (BEM) for solving BIE various boundary elements are used to model the boundary (Brebbia et al., 1984; Banerjee and Butterfield, 1981) .
In further analysis to simplify the Somigliana's identity (1) the last element accounting for mass forces is neglected. The integrand function U Ã ðx; yÞ ¼ ½U Ã ij ðx; yÞ; i; j ¼ 1; 2 is the fundamental solution for the Navier equation and is represented by the following formula (Brebbia et al., 1984; Banerjee and Butterfield, 1981) :
where l is the Lame constant, d ij is the Kronecker symbol, r = [(y 1 À x 1 ) 2 + (y 2 À x 2 ) 2 ] 0.5 . In the theory of elasticity function (2) is known as Kelvin's solution. The other integrand P Ã ðx; yÞ ¼ ½P Ã ij ðx; yÞ; i; j ¼ 1; 2 in formula (1) expresses the components of the stress vector and is represented by the following formula:
Knowing the distribution of both the displacements u(y) = [u 1 (y), u 2 (y)] T and surface forces p(y) = [p 1 (y), p 2 (y)]
T on the boundary, and using formula (1) it is possible to determine the displacement distribution at any given point of domain X.
The accuracy of the solutions in domain X depends, however, on two factors: (1) approximation accuracy of the displacement (or surface forces) on the boundary and (2) approximation accuracy of the shape of the boundary geometry. Hence it seems reasonable to modify the traditional BIE in such a way as to obtain an independent boundary approximation of the unknown functions in the numerical solution. In other words, it enables us to independently choose the most convenient methods of boundary geometry modeling, depending on its complexity without any intrusion into approximation of boundary functions and vice versa.
Due to above, we deal with the analytical modification of the traditional BIE first so that the boundary geometry is not defined by boundary integral but is included in the mathematical formalism of the expression which is obtained after the modification of BIE.
Fourier transformation of Somigliana's identity
The modification of the traditional BIE for the theory of elasticity is, however, more complex than the previously performed modification for the potential problems modeled by the Laplace's equation (Zieniuk, 2001 (Zieniuk, , 2003 . Considering the fact that the modification remains analogical, the way it is carried out is also similar. To do that, it is necessary to adapt Fourier transform to Somigliana's identity (1). Having done that, we obtain:
where b U Ã ðn; yÞ is the transform of the fundamental solution, whereas b P Ã ðn; yÞ is the transform of the singular solution in the domain of Fourier transforms for the Navier equation. The solutions for 2D problems of the elasticity theory can be shown in the following form:
where
Accounting for both fundamental (5) and singular (6) solutions in (4) we obtain the following expression in the domain of Fourier transforms:
where boundary functionspðnÞ andũñ m ðnÞ; m ¼ 1; 2 are represented by boundary integral equation: 
It can be observed that there is a separation of the boundary from the domain in Eq. (8). The boundary is defined by the formalism of boundary integrals (9) and (10).
We use integral (10) to define the function transformũñ m ðnÞ on the boundary C. The unknown integrand u(y) in (10) may be defined by means of the following Fourier formula:
where the integrandûðxÞ is given bŷ
The formula (12) is a particular case of the transform (8).
2.2.
Modeling of boundary geometry in the mathematical formalism of Somigliana's identity
After substituting (12) into (11) -and then the resulting expression into (10) -we get the convolution integral equation in the domain of Fourier transforms:
where the kernel is
The contour integral in (14) takes into consideration the boundary geometry of C. In our further considerations we divide the boundary C into n linear segments. Therefore, after taking into consideration the segmental representation of the boundary, we may present the kernel (14) 
whereas the boundary transformsũñ m ðnÞ on the left-hand side of (13) 
We denote the boundary transformspðxÞ andũñ m ðxÞ on individual segments on the right-hand side of (13) by the index r in the following way: 
After substituting (17), (16) and (15) in (13) we obtain the following system of the convolution integral equations: 
In integrals (19)-(21) boundary geometry is still defined in a general way with the help of segment contour integrals. However, this way of boundary definition is very convenient to define it by appropriate functions.
Practical definition of polygon domains by corner points
In our further considerations concerning BIE modification, we shall concentrate exclusively on boundaries whose domains are polygonal in shape. To define such domains in the most exact and effective way, it is merely necessary to pose n corner points, as shown in Fig. 1 . This is the lowest number of input data required for unambiguous definition of the analyzed domain. An important characteristics of this method of domain definition is that the number of those points is independent of the length of the linear segments between these points. In other words, the number of the points for the geometrically identical domain is independent of its surface area. Another advantage of the method is the ease of domain modification, which is carried out simply by moving corner points. These are very important advantages over the traditional FEM and BEM, in which the number of elements is clearly dependent on the surface area of the analyzed domain and each modification of the domain requires a new discretization. Next, we assume that the linear segments C r between the corner points are mathematically defined by parametric linear functions C ð1Þ r ðsÞ; C ð2Þ r ðsÞ with parameter s. Hence these functions must be taken into account in boundary transforms (19)- (21), in which the boundary is defined in a general way by means of segmental contour integrals C r .
The kernel (19) for the boundary segments in the linear representation is described by the following formula: 
p ðsÞ: To define the polygon domain we practically need to pose the coordinates of corner points P i , i = 0,1,2,. . . , n of the polygon. The points are automatically used to create parametrical linear functions C p (s), which are used to mathematically define the segments between the corner points in the integrals (22) and (23).
One-dimensional parametrical system of integral equation
Having considered (23) and (22) 
The expression (24) obtained here, as in earlier papers, has been called the parametric integral equation system (PIES) for Somigliana's identity. The kernels in this system are functions U Ã pr ðs 1 ; sÞ and P Ã pr ðs 1 ; sÞ. The first integrand U Ã pr ðs 1 ; sÞ is represented by the following integral expression:
where (25) we obtain an expression in an explicit form, which due to the inclusion of the shape of boundary geometry in its formalism, is called a modified fundamental boundary solution for Navier equation.
The other integrand P Ã pr ðs 1 ; sÞ in (24) is represented by the following expression:
in which individual elements are calculated on the basis of integral expression:
where Having calculated integral (27) and after its substitution into (26) we obtain an explicit expression that is called a modified singular boundary solution.
Modified fundamental and singular solutions for Navier equation
Boundary problems in the theory of elasticity can be resolved using integral boundary system (24). A practical application of the system is possible after obtaining the kernels from formulas (25) and (26) in explicit forms. To obtain the first kernel i.e. fundamental boundary solution, it is necessary to calculate integral (25):
is represented by matrix (7) in which variable n is changed into x. As a result we obtain:
The other kernel i.e. singular boundary solution is obtained from formula (26):
in which individual elements are obtained after calculating integral:
To calculate the integrals we use both the residual method and the tables to inverse the Fourier transformation of functions. Having carried out some complex calculations (28) (see Appendix I) we obtain a modified fundamental solution in an explicit form for Navier equation:
where g ¼ ½g (30) we obtain an explicit form of singular boundary solution, which can be presented as follows:
; p; r ¼ 1; 2; . . . ; n;
The obtained expressions (32) and (33) are kernels for PIES (24), which, unlike classical kernels, account for boundary geometry defined by parametrical linear functions in their mathematical formalism. Hence the PIES is not defined on the boundary as the traditional BIE but on the straight line in the parametric reference system. The resolution of the PIES is reduced simply to the approximation of boundary functions, hence we assume that the resolution no longer depends on the approximation of boundary geometry.
Resolution in domain
Having obtained the solution on the boundary by PIES, we can obtain solutions in domain X after an appropriate adaptation of Somigliana's identity. To do that, we use the transform represented by formula (8):
In this transform, boundary integralspðnÞ,ũñ m ðnÞ; m ¼ 1; 2 are represented by formulas (17) in which segment integrals can be presented by expressions (23) where variable x is replaced by n. Thus finally we obtain: 
Having considered (35) in (17) and then the obtained expression in (34) and using the inverse Fourier transform we obtain the following expression:
The first integrand b U Ã r is calculated form the integral expression:
where r
r ðsÞ À x 1 and r
r ðsÞ À x 2 . Substituting matrix (29) into formula (37) and performing a relatively complex integration, we obtain an integrand in the following matrix form:
ð3 À 4mÞ lnðgÞ À r 
where r $ ¼ ½r (36) is represented by the following expression:
in which individual elements are calculated by the following integral:
After the integration we obtain an explicit form of integrand b P Ã r , whose matrix form is as follows:
; r ¼ 1; 2; 3; . . . ; n; ð41Þ where
The integrands (38) and (41), as in earlier papers (Zieniuk, 2002) , have been called fundamental and singular solutions in domain for Navier equation respectively.
Numerical solution of PIES for Navier equation
The PIES obtained in Section 3.1 is characterized by the fact that it contains analytically defined boundary geometry. Practical definition of the shape of the polygonal boundary geometry is simply reduced to posing the coordinates for corner points. As a result we can assume that the boundary geometry has been simply included in PIES. The next step is the approximation of boundary functions, which, in this case, means solving the PIES obtained. That is why the resolution of PIES is no longer directly related to boundary geometry, as PIES is defined on the straight line in the parametrical system of reference.
The separation of the approximation of boundary geometry form the approximation of boundary functions creates greater possibilities of more effective approximation of boundary functions. Generally the separation gives a possibility of applying traditional numerical methods (Fletcher, 1984) used for solving differential and integral equations. It also enables us to search for even more effective methods suited to different types of boundary problems.
In earlier papers to solve the PIES obtained for Laplace and Helmholtz equations, a collocation method (Fletcher, 1984) was used. As the method turned out to be very effective and simple in a number tested cases, it was decided to apply it for solving the PIES obtained for Navier equation. The method consists in approximating boundary functions u r (s), p r (s) on each segment r, by means of the following: The unknown coefficients for one of the approximation series (42) on each segment are obtained as a result of an interpolation of posed boundary conditions. Coefficients of the second series are obtained after solving the PIES. After the substitution of (42) into (24) we obtain an expression for any given boundary conditions in the following general form: 
After fulfilling the equation at collocation points s 1 ¼ s 1 ðrÞ (r = 1, 2, 3, . . . , M), M = n · N, (total number of collocation points M is a product of number of segments n and number of unknown coefficients N on individual segments), we obtain an algebraic equation system with respect to unknown coefficients p ðkÞ j or u ðkÞ j . On solving that equation we obtain unknown coefficients from one of the approximation series (42). After substituting the coefficients into (42), an analytical expression for the unknown boundary function is obtained. From that expression we can obtain solutions at any given point for any boundary segment.
The accuracy of the results obtained by that method is largely dependent on N and also the way of arranging collocation points and the complexity of posed boundary conditions. Congruent with earlier researches for Laplace's equation, the most accurate results were obtained when extreme collocation points were placed close to the ends of segments . Solutions of high accuracy were obtained even for a much smaller algebraic equation system than in the case of traditional BEM (Zieniuk, 2001) .
The proposed method is very simple from the programmatic point of view and effective in practical applications. It enables both optimal arrangement of collocation points and choosing an exact number of expressions N in approximation series (42) in dependence on the length of segments r. It constitutes a very significant advantage as segments r may have diverse lengths when we use corner points in the modelling of boundary geometry by PIES. In order to obtain accurate results on each segment, it is necessary merely to choose N dependent on the length of segment r and the complexity of the posed boundary conditions.
The method of approximating boundary functions is very effective especially from the point of view of the analysis of the convergence of solutions. To carry it out, we should change only number N from series (42), which stands for the number of accepted expressions. From a practical point of view the process is much easier than another discretization of the domain or boundary into smaller elements.
Having found the functions on the boundary, we can obtain the solution in domain X on the basis of the integral identity (36).
Practical application of the method
In this paper the proposed method has been tested using a number of testing examples. The examples were chosen in such a way as to make it possible to define the boundary geometry by means of corner points. Another important criterion of choosing the examples is the existence of exact solutions. The above criterion limits the variety of practical boundary problems but it is necessary for testing the accuracy of the obtained solutions based on the proposed method. The effectiveness of the method compared with the traditional numerical methods such as BEM and Galerkin symmetrical BEM (SGBEM) is illustrated on the examples with numerical solutions.
Example 1
In first example, shown in Fig. 2 , we consider a square domain with the Dirichlet boundary conditions. Only four corner points P 0 , P 1 , P 2 , P 3 are required to define the boundary geometry. An important feature of the method is the fact that number of the posed points is constant and independent of the surface area of the domain. The effectiveness of the method, from point of view of boundary geometry modelling, compared with FEM and BEM, is greater with the increase of the surface area of the considered domain.
The analytical solution for this problem with a Young's modulus of unity and a Poisson's ratio of m = 0.25 is presented by the following functions (Aluru, 2000) :
Displacements in some points in the domain in comparison with analytical results are presented in Table 1 . Fig. 2 . Investigated domain defined by four corner points (P 0 , P 1 , P 2 , P 3 ) in the PIES.
As seen in the table the relative error that occurs in the considered cross-section is very small. In both components of the displacement the average value of relative error is almost 0%.
Example 2
In this testing example we consider a cantilever beam of l = 10 in length and h = 2 in height as shown in Fig. 3 . The beam is subjected to a bending load.
Exact solutions for the beam in a plane strain are described by the following formulas (Panzeca and Salerno, 2000) :
To obtain solutions on the beam boundary, we use the PIES represented by formula (24). Only four corner points P 0 , P 1 , P 2 , P 3 are required to define the boundary geometry in the PIES. Next, we declare in the program that the solutions on the horizontal longer edges be searched by means of the approximation series made up of 10 terms (N = 10), whereas on the vertical edges of four terms. The obtained solutions for displacements u 1 and u 2 at some chosen points on the boundary as compared with exact solutions are shown in Table 2 . In the calculations we assume the following material constants E = 1440 and Poisson ratio m = 0.2 and maximum value of linear load q = 3000. As can be seen from the relative error shown in columns (7) and (8) the results in both tables are very accurate. An additional advantage of the proposed method is that the results are obtained by solving a small system of algebraic equations. The system of 56 algebraic equations was solved.
Having found the functions on the boundary we can obtain the solution u 1 and u 2 in domain. In order to do it, integral identity (36) The greatest efficiency and originality of the proposed method lies, however, in the fact that it needs neither finite nor boundary elements to define the cantilever beam. It needs only a minimum number of input data i.e. the coordinates of four corner points. The accuracy of the solutions depends on the number N of terms adopted for the approximating series (42). To increase the accuracy of the solutions, it is only necessary to modify the value of N in the program. This way of increasing accuracy is more effective than another boundary or domain discretization for a larger number of finite (or boundary) elements.
Example 3
In this example we consider a cantilever beam of length l = 6 and height h = 2 subjected to a parabolic distribution of shear tractions along the side x = l (Fig. 5) . The coefficient that expresses l/h ratio amounts to 3.
Numerical results for the beam with such a load were obtained by Panzeca et al. (2001) , who used symmetrical Galerkin BEM (SGBEM). Analytical solutions for displacements are presented in the following form: Table 3 shows the numerical results obtained by the method proposed here at the same points as in Panzeca et al. (2001) . Known analytical solution (46) enables us to compute relative errors for each result.
As can be seen in Table 3 , there is a greater disproportion between average errors for both components of displacement in the case of SGBEM (column 5, 6) than in the PIES (column 7, 8). Generally the average error for both components of displacement in SGBEM method amounts to 4.94%, whilst in PIES it is equal to 3.95%. Next the same example was solved assuming that the new height of the beam is only half of the previous height h = 1, and ratio l/h = 6. Table 4 presents displacements on the vertical edge subjected to a parabolic distribution of shear tractions (Fig. 5) .
In the example the solutions are characterized by satisfactory accuracy and both components of displacement have similar average errors. Having obtained the solution on the boundary after solving the PIES, we can look for solutions in the domain. For that purpose an expression (36) should be used. Table 5 presents displacements at some chosen points in the domain.
As presented in columns 7 and 8, the values of displacements at each point of the domain are characterized by small relative errors.
Example 4
In this example, we compare the accuracy of solutions obtained using the method proposed here with exact solutions obtained by other numerical methods.
We consider a square plate 2 · 2 with the material constants E = 1 and Poisson ratio m = 0.3, subjected to two different loadings: a unit uniform normal load (Fig. 6a) and a bending load (Fig. 6b) acting along a single side of the plate. The analytical results are (Panzeca et al., 2001 ): 
for the tension problem and
for the bending problem. The results for individual displacements obtained on the boundary by PIES compared to exact solutions are shown in Table 6 (for uniform load) and Table 7 (for bending load). In the proposed method only four corner points are used to model the geometry of the plate. Additionally, to compare the accuracy of the method Tables 6 and 7 give the numerical results obtained by Panzeca et al. (2001) using Galerkin symmetrical BEM (SGBEM) and also the results obtained by Huang and Cruse (1994) using other numerical methods.
As can be seen all the results for each method are of high accuracy. A great advantage of the method proposed here is the fact that the domain modelling is carried out using only corner points with no need to perform boundary discretization. Another advantage of the method are continuous solutions obtained on the boundary.
The accuracy of the solutions in the domain was also tested. Due to the fact that there is some regularity of the solution obtained in all individual cross-sections of the domain, the solutions presented here refer only to cross-section À1 < x 1 < 1 and x 2 = 0.5. The results of the test are shown in Fig. 7 .
As can be noticed in Fig. 7 , the solutions from the PIES are very close to the analytical results. Even in the boundary vicinity of the considered domain the differences are very small. The average relative error obtained in the considered cross-section is almost equal to 0%.
Example 5
In the following example we consider a very long cantilever beam (l = 200) as compared to its height (h = 10). The way of loading and supporting the beam is presented in Fig. 8 .
The investigated example was solved by means of BEM in paper (Besuner and Snow, 1978) . In the paper the authors used the symmetry of the defined geometry and boundary conditions for numerical solutions. The solution for the symmetry was obtained after an application of linear boundary elements (L) and then, to increase accuracy, quadratic boundary elements (Q) were used. The beam in PIES is defined merely by setting four corner points (P 0 , P 3 , P 4 , P 5 ) and two additional boundary points (P 1 , P 2 ). These points are introduced in order to account for the modification of boundary conditions. The modeling of boundary geometry by means of corner points is very effective because the number of these points is independent of the area of the geometry considered. The presented way of posing boundary points shows that in this case we disregard the symmetry of the domain. The solutions are presented in Table 8 . The second column gives the solutions obtained by means of beam theory. Performing an analysis of the solutions based on Table 8 , it can be seen that the greatest relative error occurred in BEM when linear boundary elements were used (column 3). The value of this error is much greater than in the case of PIES (column 5). It should be also remembered that in PIES the whole domain was considered, not just the symmetry as in BEM. As can be seen in column 5, the accuracy of the results obtained by PIES is even higher than the ones obtained using quadratic boundary elements (column 4).
Conclusions
In the paper we have limited our solutions to boundary problems whose domains consisted of polygon with undefined boundary conditions. To obtain exact modelling of those domain only corner points are required. There is no need of introducing additional nodes between the points. The corner points constitute the minimum number of input data necessary to produce unequivocal modelling of the analyzed domain. A very important characteristic of this way of modelling in general is the fact that the number of points is independent of the length of the linear segments between those points. In other words, the number of the points for geometrically identical domains remains independent of their surface areas. This is a great advantage of modelling polygonal domains as compared with the traditional FEM and BEM in which the number of elements is strictly dependent on the surface area of the analyzed domain.
The originality of the PIES lies in the fact that its numerical solution is not directly reduced to the boundary geometry. Hence it is possible to investigate the convergence of obtained solutions without any intrusion into the modelling of boundary geometry. To do that, we only need to change the number of terms N in the series approximating unknown boundary functions. This method is definitely more effective than carrying out another boundary discretization using smaller boundary elements.
The testing examples given in the paper confirm high effectiveness of boundary modelling, high accuracy of the obtained results and simplicity of investigating the convergence of solutions. In spite of the fact that there are large numbers of boundary problems with polygonal domains, we should not limit ourselves to these problems exclusively. There are other practical boundary problems of more complex nature. It would be interesting to test the proposed method in more complex boundary geometries possibly by curves used in computer graphics. However, to do this requires even more investigations and a large number of tests.
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Appendix I
The obtaining of a modified fundamental boundary solution in an explicit form presented by formula (32) requires the computation of integrals in formula (28). After substituting (29) it to (28) four integrals were obtained: 
ðI-1Þ
where A, B-some constants. All integrals (I-1) are the same type and are computed using the same technique. Generally the technique is based on the application of the residual method for one of the integrals. Next the obtained expression is reduced to an integral whose solution can be found in the tables for Laplace transformations. The first integral is an exception as it is simplest as far as the application of the residual method is concerned, however the second integral with a singular integrand function is obtained. To solve it the tables in Bryczkov and Prudnikov (1977) are used.
The method of calculating integral I 1 : integral I 1 can be presented in the following way: After substituting (I-3) into (I-2) and some transformations the following singular integral was obtained: Using the tables in Bryczkov and Prudnikov (1977) we can present integrals (I-4) as follows:
ðI-5Þ
Remaining integrals (I-1) are calculated in a similar way, with one difference, namely that these integrals, after applying the residual method, could be reduced to integrals that have solutions in tables for Laplace transformations. The method is presented below illustrated by a more complex integral than integrals (I-1).
Appendix II
Modified singular boundary solution in an explicit form (33) is obtained after computing integral (31). Finally the following integrals should be calculated: 
:
The remaining integrals are calculated in an analogical way.
